We investigate the normal contact stiffness in a contact of a rough sphere with an elastic half-space using 3D boundary element calculations. For small normal forces, it is found that the stiffness behaves according to the law of Pohrt/Popov for nominally flat self-affine surfaces, while for higher normal forces, there is a transition to Hertzian behavior. A new analytical model is derived describing the contact behavior at any force.
Introduction
Since Bowden and Tabor [1] , it has been known that surface roughness plays a decisive role in contact, adhesion, friction, and wear. The main understanding of the contact mechanics of nominally flat rough surfaces was achieved in the middle of the 20th century due to works by Archard [2] and Greenwood and Williamson [3] . In the last years, contact mechanics of rough surfaces has once again become a hot topic [4] [5] [6] . Most of the previous work was devoted to investigation of nominally flat surfaces. For many tribological applications, however, the contact properties of rough bodies with macroscopically curved surfaces are of great interest. A first analysis of the contact problem including a curved but rough surface was given by Greenwood and Tripp [7] . They applied the Greenwood/Williamson (GW) model [3] of independent asperities with a Gaussian distribution to a parabolic shape. In this model, the roughness can be seen as an additional compressible layer. They calculated the mean pressures as a function of the radius and for low loads found a reduction in the maximum pressure and an enlargement of the apparent area of contact. For high loads, the indentation behavior found was Hertzian.
In the present paper, we will investigate the indentation of a rough sphere into an elastic half-space without the restrictions stemming from the GW model. We calculate the incremental normal stiffness of the contact, which not only determines the dynamic properties of a tribological system, but also its electrical and thermal conductivity [8, 9] . In the interest of purity of results, we assume the bodies to be elastic at all scales and confine ourselves to self-affine roughness without cutoff. Contact stiffness of such surfaces has been recently studied in detail numerically and analytically [10, 11] . We show that there is a pronounced crossover from the behavior which is typical for fractal surfaces [12, 13] to Hertzlike behavior [14] , similar to GT [7] . Furthermore we derive an analytical approximation for the entire range of forces.
Methods
We consider a rigid rough spherical indenter with the radius , which is approximated by a superposition of a parabolic shape ( , ) = ( 2 + 2 )/(2 ) and a nominally flat random self-affine roughness ( , ) with the Hurst Exponent ( Figure 1 ). The power spectrum 2D ( ) of the randomly rough self-affine statistically isotropic surface has the form
where is the system size and is the absolute value of the wave vector ⃗ . The surface topography was calculated with the help of the power spectrum according to
with
and the phases ( ⃗ ) = − (− ⃗ ), which are randomly distributed on the interval [0, 2 ). All samples were generated on a grid with 513 × 513 discrete, evenly spaced points. A typical example of a self-affine surface with the Hurst exponent = 0.6 is shown in Figure 1 , while Figure 2 shows a sample of the superposition of both sphere and roughness.
The indenter was pressed into an elastic half-space with the normal force . The indentation depth and the configuration of the contact were calculated using the boundary element method with an iterative multilevel algorithm similar to [15, 16] . The incremental normal stiffness was calculated by evaluating the differential quotient of force and indentation depth. All values were obtained by ensemble averaging of 50 surface realizations having the same power spectrum. Figure 3 shows the resulting dependency (red points). For small normal forces, the system is dominated by the roughness and the stiffness approaches the asymptotic dependence with the slope ( + 1) −1 characteristic for nominally flat fractal surfaces [12] . For higher normal forces, the influence of the roughness vanishes, and the system behaves like a smooth spherical Hertzian indenter (slope 1/3).
Results and Discussion

Numerical Results.
Analytical Estimation.
In [12] , it was shown that, for randomly rough self-affine surfaces, the contact stiffness is a power function of the normal force of the form with 0 < < 1. In [17] , it was shown that this relation remains valid for Hurst exponents 0 < < 2 and that the only property needed for the validity of the scaling law (4) is the self-affinity of the surface which means that the surface appears undistinguishable from the original when viewed under an arbitrary magnification [15] :
Here it is not important whether the surface is randomly rough or just a simple axisymmetric profile with the same scaling properties [18] :
Thus, with respect to the contact stiffness, the randomly rough, fractal, and self-affine surface can be replaced equivalently with a simple axisymmetric form (6) . Of course, this equivalence only holds for the average values of multiple random rough realizations. In [15, 17] , it was shown that, for the indentation of a rigid indenter having the shape (6) versus normal stiffness for a spherical indenter, superimposed with a random roughness ( = 0.5 , = 0.7, = 1, ℎ rms = 9 ⋅ 10 −3 ). The red-dotted line is the result of a 3D boundary element study. The black line is the theoretical prediction according to (16) . Furthermore, the asymptotical behavior of the plain roughness (11) and the smooth Hertzian case (9) are shown. The slope of the asymptotes is 1/3 in the Hertzian case and ( + 1) −1 = 0.5882 for the roughness. The crossover occurs at tr /( 2 * ) = 8 × 10 −5 ; see (17) . into an elastic half-space, the following relation of the normal contact stiffness and the normal force is valid:
For example, the Hertzian contact is one particular case of self-affine surfaces with = 2 and 3D = 1/(2 ), giving the classical result [14] : * = (6 * )
or, resolved with respect to the force, *
The same is true for fractal rough surfaces [12, 15] :
The constant ( ) must be (until now) found from numerical calculations. Latest studies suggest that
Comparison of (7) and (11) shows that the contact properties of a self-affine roughness and a corresponding axissymmetric profile can be made identical if the following prefactor 3D in (6) is chosen:
Using this analogy between randomly rough surfaces and axis-symmetric profiles, we suggest the rough sphere to be modeled as a superposition of the parabolic shape with the equivalent rotationally symmetric shape :
Figure 4(c) shows a cut through the resulting threedimensional, rotationally symmetric indenter shapes. As the contact stiffness depends only on the current contact radius [17] , the superposition principle is valid for forces (10) and (12) at the given contact stiffness:
For small values of the normal force or the contact stiffness we expect to see behavior according to (11) , while at higher forces the Hertzian behavior (9) is predicted. The crossover is expected to take place at the intersection of both asymptotic curves:
The dependence (16) is shown in Figure 3 together with the numerical results of the Boundary Element Method. The solid line is the theoretical prediction according to (16) . Furthermore, the asymptotical behavior of the plain roughness (11) and the smooth Hertzian case (9) are shown. The slope of the asymptotes is 1/3 in the Hertzian case and 1/( + 1) for the roughness.
Conclusions
We investigated the normal contact problem of a sphere with a self-affine roughness by means of the BEM and suggested a simple analytical method of calculating the contact stiffness for arbitrary normal forces. The method can be applied without changes to indentation of arbitrary bodies of revolution with self-affine roughness with any Hurst exponent in the range 0 < < 2.
In the present paper, we considered the contact partners to be elastic at all scales and confined ourselves to self-affine roughness without cutoff. For this class of contact problems, we have shown the validity of the superposition principle for profiles. The consideration of roughness covering all scales including the system size means no real restriction of the proposed approach, as a generalization to a more general case of surfaces having multifractal roughness or arbitrary power spectrum is straightforward.
In [17] it has been shown that the GW model is valid for surfaces with ≤ 0. We can thus compare the results from Greenwood and Trip to the current findings by assuming = 0. In this case, (16) predicts a linear dependence between normal force and contact stiffness just like GT although in the latter, this is not stated explicitly. The transition to Hertzian behavior occurs at
with ≈ 1.1 (17) or ≈ 1.41 (GT, [7] ), respectively. Another insight can be gained from the comparison of both results. In the original GT paper [7] , the apparent contact area was found to grow larger with added roughness compared to the smooth Hertzian case. Bearing in mind that the contact radius is proportional to the contact stiffness in concentrated contacts, one could expect the contact stiffness to grow larger as well. However the current results show that this is not the case. For loads smaller than the characteristic transition force (17) , the added roughness will always lead to a decrease in the contact stiffness, compared to the smooth Hertzian case; see Figure 3 .
The assumption of elasticity on all scales does not play a crucial role in the current findings. The reason is that the contact stress at any particular scale has the order of magnitude ≈ * ∇ /2, where ∇ is the rms surface gradient corresponding to this scale [19] . The breakdown of the elastic behavior occurs therefore at the smallest scales corresponding to the largest rms surface gradient. The contact stiffness, on the contrary, is determined by the large wavelength in the power spectrum of the surface roughness and is not sensitive to the occurrence on the atomic scale.
